Severe, particle-level strains induced during both production and cycling have been putatively linked to lifetime limiting damage in lithium-ion cells. Because of the presently unknown contributions of manufacturing and intercalation induced stresses in Li cells, this correlation is critical in determining optimal materials and manufacturing methods for these cells. Both global and localized loads must be estimated, in order to select materials able to resist fracture. Here, we select the LiMn 2 O 4 system for study. We present results of a set of simulation techniques, ranging from one-dimensional finite difference simulations of spherical particles, to fully three-dimensional ͑3D͒ simulations of ellipsoidal particles, to systematically study the intercalation-induced stresses developed in particles of various shapes and sizes, with the latter 3D calculations performed using a commercial finite element code. Simulations of spherical particles show that larger particle sizes and larger discharge current densities give larger intercalation-induced stresses. Simulations of ellipsoidal particles show that large aspect ratios are preferred to reduce the intercalation-induced stresses. In total, these results suggest that it is desirable to synthesize electrode particles with smaller sizes and larger aspect ratios to reduce intercalation-induced stress during cycling of lithium-ion batteries. 5 Also, stress generation due to cell-scale loads by compression during manufacturing has been shown to result in localized particle stresses that are much higher in the graphite anode material 6 ͑the ratio between local and global stresses is around 25 to 140͒. Indeed, stresses of these orders exceed the known strengths of these materials including the most commonly used, and most promising, cathode materials ͓Table I ͑Ref. 7, 8, 4, and 9͔͒.
Severe, particle-level strains induced during both production and cycling have been putatively linked to lifetime limiting damage in lithium-ion cells. Intercalation and deintercalation of Li 4 suggested that intercalation-induced stress may exceed the ultimate strength of the material. 5 Also, stress generation due to cell-scale loads by compression during manufacturing has been shown to result in localized particle stresses that are much higher in the graphite anode material 6 ͑the ratio between local and global stresses is around 25 to 140͒. Indeed, stresses of these orders exceed the known strengths of these materials including the most commonly used, and most promising, cathode materials ͓Table I ͑Ref. 7, 8, 4, and 9͔͒.
Stress generation due to Li-intercalation, and more generally in other processes, has been modeled in prior work at the particle scale. Christensen and Newman estimated stress generation in lithium insertion into the carbon anode 10 and LiMn 2 O 4 cathode 5 particles. More broadly, stresses induced by species diffusion have been studied in other fields, including metal oxidation and semiconductor doping. Prussin 11 first treated diffusion-induced stress by analogy to thermal stress. In this study, stress generation during doping of boron and phosphorus into silicon wafer was studied. Li 12 studied diffusion-induced stress or chemical stress in elastic media of simple geometries following this method as well. 12 Yang 13 studied the evolution of chemical stress in a thin plate considering the interaction between chemical stress and diffusion following the thermal stress analogy by Prussin. 11 Though these sets of efforts offer a means of stress estimation at the particle scale, by different physical assumptions, the implementations to date have not been applied to the problem of threedimensional stresses. Because of the presently unknown contributions of manufacturing and intercalation-induced stresses in Li cells, this correlation is critical in determining optimal materials and manufacturing methods for these cells. Both global and localized loads must be estimated in order to select materials able to resist fracture. Further, the role of localized particle fracture in capacity fade has been implied, but not quantified, given the general lack of understanding of localized loads in batteries.
Thus, the present work is focused on determination of localized particle stresses in cathode particles. Here, we selected the LiMn 2 To verify the implementation of a single-particle model numerically, using a finite difference scheme and validation of simple results; and 3. To implement this model into a full finite element scheme, and simulate stresses induced by intercalation in particles of nonspherical geometry.
Simulation
Stress-strain relations.-For intercalation processes, the lattice constants of the material may be assumed to change linearly 4 with the volume of ions inserted, which results in stresses. Therefore, one can calculate intercalation-induced stress by analogy to thermal stress. Prussin 11 previously treated concentration gradients analogously to those generated by temperature gradients in an otherwise unstressed body.
Stress-strain relations including thermal effects are written classically for an elastic body 21 as 
where ij are strain components, ij are stress components, E is Young's modulus, is Poisson's ratio, G is modulus of elasticity in shear, ␣ is thermal expansion coefficient, and T is the temperature change from the original value. Analogously, the stress-strain relation with the existing of concentration gradients can be written as
where c = c − c 0 is the concentration change of the diffusion species from the original ͑stress-free͒ value, and ⍀ is partial molar volume of solute. Equation 2 can be rewritten to obtain the expression for the components of stresses
where = E/2͑1 + ͒, = 2/͑1 − 2͒, and ␤ = ⍀͑3 + 2͒/3. As usual in elasticity, the strain tensor is related to displacement u as
and the equilibrium equation, neglecting body forces, is
Substitution of Eq. 3 and 4 into Eq. 5 leads to the displacement equations
The boundary condition for the case of a single particle is that the particle surface is traction-free. This condition can be expressed as 22 p nx = xx l + yx m + zx n = 0 ͓7a͔ p ny = xy l + yy m + zy n = 0 ͓7b͔
where l,m,n denote the direction cosines between the external normal and each axis. Substitution of Eq. 3 and 4 into boundary conditions Eq. 7 yields
where n 1 = l, n 2 = m and n 3 = n. Therefore, we are left to solve Eq. 6, with the boundary condition of Eq. 8.
Diffusion equation.-As shown in Eq. 2 and 3, concentrations are needed to calculate intercalation-induced stresses. To obtain a concentration profile, the insertion and extraction of ions are modeled as a diffusion process. The effect of existing electrons in the solid on the species flux of lithium can be neglected, because electrons are much more mobile than intercalated atoms. 23 The chemical potential gradient is the driving force for the movement of lithium ions. The velocity of lithium ions can be expressed as
where M is the mobility of lithium ions, and is the chemical potential. The species flux can then be written as
where c is the concentration of the diffusion component ͑lithium ions͒.
The electrochemical potential in an ideal solid solution can be expressed as 13, 24 
where 0 is a constant, R is gas constant, T is absolute temperature, X is the molar fraction of lithium ion, ⍀ is partial molar volume of lithium ion, and h is the hydrostatic stress, which is defined as h = ͑ 11 + 22 + 33 ͒/3 ͑where ij are the elements in stress tensor͒. Equations 10 and 11 show that the diffusion flux depends on concentration, temperature, and stress field. Substitution of Eq. 11 into Eq. 10, assuming temperature is uniform, and noting that
an expression of species flux ͑when there is no temperature gradient inside the particle͒ can be obtained as
where D = MRT is diffusion coefficient. Conservation of species gives
Then, substituting Eq. 13 into Eq. 14 gives finally
as the governing equation for the diffusion process. The initial condition is c = c 0 , with the boundary condition
where i n is the current density on the particle surface ͑which is assumed to be a constant, known value in this study͒, and F is Faraday's constant.
Numerical methods.-Finite difference method for 1D problem.-For the case of a spherical particle, the above equations become one-dimensional. The stress tensor contains two independent components, radial stress r and tangential stress t . The equilibrium equation ͑refer to Eq. 5͒ for this case is simply
and the stress-strain relations ͑referring to Eq. 2͒ are
The strain-displacement relations ͑referring to Eq. 4͒ are
and the displacement equation ͑refer to Eq. 6͒ is
Integration of this equation yields a solution for u, from which stresses may be obtained. Noting that stresses are finite at the center of the sphere ͑r = 0͒, and that radial stresses are zero, r = 0, at the particle surface ͑r = r 0 ͒, the two constants in the solution can be determined as ‫ץ‬ c ‫ץ‬ t
Equations 22 and 23 allow calculation of hydrostatic stress as
By assuming that the characteristic time for elastic deformation of solids is much smaller than that for atomic diffusion, the elastic deformation can be treated as quasistatic. 13 Therefore, Eq. 25 can be substituted into Eq. 24 to obtain
where = ͑⍀/RT͓͒͑2⍀E͒/9͑1 − ͔͒. Substituting Eq. 25 into boundary conditions Eq. 16, one has
In this way, the two variables, concentration and stress, are decoupled. To solve the above equation numerically, it is, along with boundary and initial condition, transformed into dimensionless form first as
where dimensionless variables are defined as
In the above equations, c max is the stoichiometric maximum concentration and c 0 is the initial concentration. It may be seen that the effect of discharge current density, particle radius, and diffusion coefficient are all combined into the dimensionless current density I.
The numerical procedure is as follows. For each time step, concentration distribution is solved first by Eq. 28. Then, the concentration is substituted into Eq. 22 and 23 to calculate stresses. Equation 28 is a nonlinear, parabolic partial differential equation. The finite difference method is used here to solve the equation.
First, Eq. 28 is rewritten as
To discretize the differential equation into difference equations, the problem is linearized by taking the value from the previous time step for the terms in the two parentheses on the right side. The Crank-Nicolson method is used for other terms. The difference equation obtained is
Terms including 1/r will be singular at the particle center r = 0. To solve this difficulty, noting that
can be used to eliminate the 1/r factor. Thus, Eq. 28 becomes
which has no singularity at r = 0. Therefore, Eq. 33 will be solved at r = 0 while Eq. 29 is solved elsewhere.
At two boundary points, imaginary points ͑out of the boundary͒ are used to discretize the governing equation; the concentration values of these imaginary points are obtained by central differencing of the flux boundary condition at the boundary points.
The Thomas algorithm is used to solve the tridiagonal system of the difference equations. The simulation is halted when the concentration on the particle surface r = 1 reaches the stoichiometric maximum. Finite element method for 3D problem.-The 3D problem was simulated using FEMLAB ͑COMSOL Multiphysics͒. Two models are included in the multiphysics simulation, PDE ͑partial differential equation͒ model ͑general form͒ and solid stress-strain model. In PDE model, the diffusion process is described by the generalized form
where
In the solid stress-strain model, "thermal expansion" is included as a load based on the variable of concentration c instead of temperature in thermal stress calculation.
Material properties.-All the material properties used in the simulation for Mn 2 O 4 are listed in Table II . 5, 25 From Eq. 2, we see that that partial molar volume plays a role analogous to a thermal 
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Journal of The Electrochemical Society, 154 ͑10͒ A910-A916 ͑2007͒ A912 expansion coefficient, in calculating intercalation-induced stress. To obtain the value for this property, the volume change of 6.5% for y = 0.2 to y = 0.995 of Li y Mn 2 O 4 is used. 5 The volume change of 6.5% gives a strain of 0.0212, which corresponds to the concentration change as y = 0. In their simulation, they used a state of charge-dependent diffusion coefficient, which includes a binary interaction parameter and a thermodynamic factor. Here, a constant diffusion coefficient, taking the value of the reference binary interaction parameter in their paper, is used. The simulation results from the thermal stress analogy model and the Christensen and Newman model are shown in Fig. 1 . Although different approaches are applied to calculate the intercalation-induced stress, the results qualitatively show the same trend.
We used the 1D model to simulate cycling of the active material between y = 0 and y = 1, giving an initial condition for Eq. 26 of c 0 = 0. Results show that that maximum radial stress is located at the center of the particle. The magnitude of the spatial maximum dimensionless radial stress is given by Figure 2 shows how dimensionless maximum radial stress r,max ͑both temporally and spatially during the discharge process͒ varies with dimensionless current density ͑or dimensionless boundary flux͒ I.
As shown in Fig. 2 , maximum radial stress ͑spatially and temporally͒ inside an electrode particle during the discharge process increases with increasing dimensionless current density when 0 Ͻ I Ͻ 2.7. However, maximum radial stress decreases with increasing dimensionless current density when it is larger than 2.7. The decrease in stress is attributable to the fact that the concentration profile is not fully developed, so that the global average term ͑first term in the parentheses͒ in Eq. 36 decreases with dimensionless current density, while the local average ͑second term in the parenthesis͒ remains constant. This is not desirable in the cycling of batteries, because it reduces the utilization of the material. Therefore, only the increasing branch of the curve is actually feasible. The increasing branch shows that increase of discharge current density and particle radius will increase the intercalation-induced stress. In other words, smaller particles should be used to reduce intercalationinduced stresses.
As mentioned earlier, the model used here to simulate the intercalation-induced stress is a diffusion-stress coupling model. The effect of stress on diffusion will be discussed briefly using the 1D equations for a spherical particle. Substituting Eq. 25 into Eq. 13, we obtain
In Eq. 37, c is always a positive number, and the effective diffusion coefficient is essentially D͑1 + c͒ Ͼ D. Therefore, the diffusion is enhanced due to the extra term c, which basically comes from the hydrostatic stress gradient term in Eq. 13. In other words, stress enhances the diffusion. This stress enhancement effect is also demonstrated numerically, as shown in Fig. 3 . It shows the concentration profile at t = 1000 s with discharge current density i = 2 A/m 2 on the surface. The profile including the effect of stress has a smaller gradient than that excluding the stress effect, confirming that stress enhances diffusion.
Substituting the material properties into the expression of = 2⍀
2 E/͓9͑1 − ͒RT͔, we obtain = 1.557 ϫ 10 −5 m 3 /mol. If the maximum concentration is used, c max = 0.356, which is not negli- 
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Journal of The Electrochemical Society, 154 ͑10͒ A910-A916 ͑2007͒ A913 gible compared to unity. Therefore, stress effect cannot be neglected here for the case of LiMn 2 O 4 . From the expression for , it can be observed that has smaller magnitude when the material has smaller modulus E and smaller partial molar volume ⍀. Thus, the stress effect on diffusion may be negligible when the material is soft ͑i.e., having a low modulus͒.
3D finite element simulation results.-The 1D finite difference simulation, with 4001 grid points and a time step of 0.001 s, was used as the reference solution to study the convergence of the finite element method. Figure 4 shows the 2-norm errors ͑differences͒ between the finite element solutions and finite difference reference solutions at t = 1000 s. The parameters used in the simulations are current density i = 2 A/m 2 , and particle radius r 0 = 5 m. The finite element solutions converged to the reference solution as the number of elements used increased. At the same time, Fig. 4 also shows that solutions from 1D finite difference method and 3D finite element method were consistent, because the nondimensionalized errors of concentration and stress from 17,359 elements simulation were 6.5 ϫ 10 −7 and 1.5 ϫ 10 −5 , respectively ͑if nondimensionalized by the maximum values at t = 1000 s inside the particle͒.
To study the effect of aspect ratios on the intercalation-induced stress, ellipsoids with different aspect ratios were studied. The current density on the surface is fixed at i = 2 A/m 2 . For the ellipsoid, the lengths of three semiaxes a, b, and c satisfy a = b, and the aspect ratio is defined as ␣ = c/a, as sketched in Fig. 5 . The volumes of the ellipsoids were fixed at V = 4 ϫ 5 3 /3 m 3 . A set of simulations, with different aspect ratios, was run by FEMLAB.
Characteristic solution profiles of concentration, von Mises stress and shear stress yz , are shown in Fig. 6 at the end of the discharge process ͑when the surface concentration reaches the stoichiometric maximum͒ for an ellipsoid with aspect ratio 1.953. Figure 6 shows that ͑i͒ the concentration is higher around the poles, ͑ii͒ the von Mises stress is larger around the equator, and ͑iii͒ shear stress has its maximum on the surface. The solution profiles have the same patterns for other ellipsoids with different aspect ratios. Figure 7 shows how the maximum von Mises stress inside the particle varies during the discharge process, for particles with different aspect ratios. It takes less time for particles with larger aspect ratios to completely discharge. Also, during discharge, von Mises stress increases first, and then drops. In Fig. 7 , it can be observed that when aspect ratio increases, the stress increases first ͑for aspect ratios from 1.0 to 1.37͒ and then decreases ͑for aspect ratios from 1.37 to 3.81͒. For ellipsoids with aspect ratio 2.92 and 3.81, the intercalation-induced stress is smaller than that inside a sphere ͑as-pect ratio 1.0͒. Figure 8 shows how aspect ratio affects ͑a͒ peak value of maximum von Mises stress, and ͑b͒ peak value of maximum shear when the volumes of particles are fixed. Figure 8a shows that peak value of maximum von Mises stress inside the particle increases first and then decreases, as aspect ratio increases. For aspect ratios larger than 2.2, maximum von Mises stress decreases to less than that inside spherical particles ͑aspect ratio 1͒. Figure 8b shows that peak value of maximum shear stress decreases as aspect ratio increases. The results of Fig. 8 show that larger aspect ratios reduce the intercalation-induced stresses, over particles of lower aspect ratio when volume is preserved.
The peak values of maximum von Mises stresses are shown in Fig. 8a . Maximum stress first increases, then decreases with aspect ratio. This is due to two competing effects. When particle volume is preserved, increased aspect ratios result in increase of the longer semiaxis c, and reduction of shorter semiaxes a and b. Elongation of the longer semiaxis tends to increase maximum stress, while reduction of the shorter semiaxes tends to decrease the maximum stress. This competition results in a global maximum of stress at an aspect ratio of ϳ1.37.
To further illustrate the effect of semiaxes on maximum stress, an additional set of simulations was performed in which the shorter semiaxes a and b were fixed, and aspect ratio ␣ was increased by elongation of the longer semiaxis, c. Results obtained with a discharge current density i = 2 A/m 2 are shown in Fig. 9 . Stress first increases with aspect ratio because of the increase of the longer semiaxis, and then decreases slightly until asymptotically approaching the cylinder-fiber limit, i.e., ␣ → ϱ. As represented by the dashed line in Fig. 9 , no physically relevant solutions are obtained for ␣ Ͼ 7.9, because the discharge process stops when the concentration on the particle surface reaches stoichiometric maximum, before the maximum stress actually reaches the peak value. To quantitatively illustrate this point, for an ellipsoid with aspect ratio 10, the stress reaches its peak value at t = 721 s. However, the simulation should terminate at t = 617.5 s, when the surface concentration already reaches stoichiometric maximum. The maximum stress at t = 721 s is 52.47 MPa, and the stress at t = 617.5 s is 52.26 MPa. Therefore, the stress when the process is terminated is only slightly smaller than the peak value. 
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Conclusion
Intercalation-induced stresses during the discharge process were simulated in this study using a stress-diffusion coupling model. Intercalation-induced stresses were simulated by analogy to thermal stress. Simulations of spherical particles show that larger particle sizes and larger discharge current densities give larger intercalationinduced stresses. Furthermore, internal stress gradients significantly enhance diffusion. Simulation results for ellipsoidal particles show that large aspect ratios are preferred to reduce the intercalationinduced stresses. In total, these results suggest that it is desirable to synthesize electrode particles with smaller sizes and larger aspect ratios to reduce intercalation-induced stress during cycling of lithium-ion batteries. 
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